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ABSTRACT 


Some  fixed  point  theorems  for  a  sum  of  two  operators  are  proved, 
generalizing  to  locally  convex  spaces  a  fixed  point  theorem  of  M.  A. 
Krasnoselskii,  for  a  sum  of  a  completely  continuous  and  a  contraction 
mapping,  as  well  as  some  of  its  recent  variants. 

A  notion  of  stability  of  solutions  of  nonlinear  operator  equations 
in  linear  topological  spaces  is  formulated  in  terms  of  specific  topologies 
on  the  set  of  nonlinear  operators,  and  a  theorem  on  the  stability  of  fixed 
points  of  a  sum  of  two  operators  is  given.  As  a  byproduct,  sufficient 
conditions  for  a  mapping  to  be  open  or  to  be  onto  are  obtained. 


FIXED  POINTS  AND  STABILITY  FOR  A  SUM  OF  TWO  OPERATORS  IN 

LOCALLY  CONVEX  SPACES 

G.  L.  Cain,  Jr.  and  M.  Z.  Nashed 


1.  Introduction 

Several  algebraic  and  topological  settings  in  the  theory  and  applica¬ 
tions  of  nonlinear  operator  equations  lead  naturally  to  the  investigation  of 
fixed  points  of  a  sum  of  two  nonlinear  operators,  or  more  generally,  fixed 
points  of  a  mapping  on  the  Cartesian  product  XXX  into  X,  where  X  is 
some  appropriate  space. 

Fixed  point  theorems  in  topology  and  nonlinear  functional  analysis 
are  usually  based  on  certain  properties  (such  as  complete  continuity,  mono- 
tonicity,  contractiveness,  etc. )  that  the  operator,  considered  as  a  single 
entity  must  satisfy.  We  recall  for  instance  the  Banach  fixed  point  theorem, 
which  asserts  that  a  strict  contraction  on  a  complete  metric  space  into 
itself  has  a  unique  fixed  point,  and  the  Schauder  principle,  which  asserts  that 
a  continuous  mapping  F  on  a  closed  convex  set  K  in  a  Hausdorff  locally 
convex  topological  vector  space  X  into  K  such  that  F(K)  is  contained  in  a 
compact  set,  has  a  fixed  point.  In  many  problems  of  analysis,  one  encounters 
operators  which  may  be  split  in  the  form  T  =  A  +  B,  where  A  is  a  contraction 
in  some  sense,  and  B  is  completely  continuous,  and  T  itself  has  neither 
of  these  properties.  Thus  neither  the  Schauder  fixed  point  theorem  nor  the 
Banach  fixed  point  theorem  applies  directly  in  this  case,  and  it  becomes 
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desirable  to  develop  fixed  point  theorems  for  such  situations.  An  early 
theorem  of  this  type  was  given  by  Krasnoselskii  [12j:  Let  X  be  a  Banach 
space,  S  be  a  bounded  closed  convex  subset  of  X,  and  A,  B  be  operators 
on  S  into  X  such  that  Ax  +  By«  S  for  every  pair  x,  ye  S.  If  A  is  a  strict 
contraction  and  B  is  continuous  and  compact,  then  the  equation  Ax  +  Bx  =  x 
has  a  solution  in  S.  The  proof  of  this  theorem  is  quite  simple,  given  the 
Schauder  principle. 

Krasnoselskii' s  theorem  is  an  example  of  an  algebraic  setting  which 
leads  to  the  consideration  of  fixed  points  of  a  sum  of  two  operators.  In 
this  setting,  a  complicated  operator  is  split  into  the  sum  of  two  simpler 
operators  which  have  been  well  Investigated  and  for  which  fixed  point 
theorems  abound.  For  recent  contributions  to  fixed  points  of  this  type,  see 
Remark  3.  1. 

There  is  another  setting  which  also  leads  naturally  to  the  investigation 
of  fixed  points  of  a  sum  of  two  operators.  This  setting  arises  from  perturbation 
theory.  Here  the  operator  equation  Ax  +  Bx  =  x  is  considered  as  a  perturbation 
of  Ax  =  x  (or  of  Bx  =  x),  and  one  would  like  to  assert  the  existence  of  a 
solution  of  the  perturbed  equation,  given  that  the  original  unperturbed  equation 
has  a  solution.  In  such  a  setting,  there  is,  in  general,  no  continuous  depen¬ 
dence  of  solutions  on  the  perturbations.  If,  however,  one  requires  such 
continuous  dependence,  then  we  have  a  general  problem  of  stability  of 
solutions,  where  stability  is  defined  in  terms  of  certain  topologies  on  the  class 
of  operators  under  consideration. 

The  purpose  of  this  paper  is  to  prove  some  fixed  point  theorems  in  the 
two  settings  mentioned  above. 
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2.  Definitions  and  preliminaries 


Throughout  this  paper,  X  will  denote  a  Hausdorff  locally  convex 
topological  vector  space,  and  P  a  family  of  seminorms  which  generates  the 
topology  of  X.  For  pe  P  and  r  >  0,  the  set  {x  |  p(x  -  x^)  <  r}  is 
denoted  by  Sp(Xg,  r).  The  closure  of  this  set  is  denoted  by  S^x^,  r}, 
and  its  boundary  by  aS  (x„,  r).  We  shall  also  sometimes  use  V(p)  to  stand 

p  0 

for  3^(0,  1).  A  continuous  mapping  F  :  X -*  X  is  said  to  be  p-completely  con¬ 
tinuous  for  p c  P  if  the  closure  of  F[  S^O,  n)]  is  compact  for  each  positive 
integer  n. 

Several  generalizations  of  Schauder' s  fixed  point  theorem  to  locally 
convex  topological  vector  spaces  have  been  made  by  Tychonoff  [26], 
Hukuhara[9],  Yamamuro  [  28],  Singbal[25],  Nguyen-Xuan-Loc  [  17],  and 
others.  In  the  present  paper,  we  shall  be  interested  in  the  following  variants 
of  Schauder' s  fixed  point  theorem,  which  are  listed  in  order  of  increasing 
generality. 

Theorem  2.  1.  Let  X  be  a  Hausdorff  locally  convex  topological 
vector  space. 

(a)  Let  K  be  a  non-empty  compact  convex  subset  of  X  and  let 
F  be  a  continuous  mapping  of  K  into  K.  Then  F  has  a  fixed  point  in  K. 

(b)  Let  K  be  a  non-empty  closed  convex  set  in  X  and  let  F 
be  a  continuous  mapping  of  K  into  K  such  that  F(K)  is  contained  in  a 
compact  set.  Then  F  has  a  fixed  point  in  K. 
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(c)  Let  F  be  a  p-completely  continuous  mapping  of  X  into  X. 

If  F  maps  8S  (xn,  r)  into  S  (xnf  r),  then  F  has  a  fixed  point  in 
p  0  p  0 

Vv  r»- 

Part  (a)  is  simply  Tychonoffs  generalization  of  Schauder's  theorem 
(for  a  proof,  see  Dunford  and  Schwartz  [  4]  or  Bonsall  [  1]. ).  A  simple  and 
interesting  proof  of  (b)  is  given  by  Singbal  [  25].  Part  (c)  is  a  generalization 
of  Rothe* s  version  of  Schauder' s  theorem  [22]. 

Let  D  c  X  and  pt  P.  A  mapping  A  :  D  -*  D  is  said  to  be  a 
p-contraction  if  there  is  a  0  <  yp  <  1,  such  that  for  all  x,  y  in  D, 

p(Ax  -  Ay)  <  \pP(*  -  y). 

Let  u  be  the  neighborhood  system  of  the  origin  obtained  from  p. 

Then  for  any  given  U«  U ,  there  exist  a  finite  number  of  seir.tnorms  in  P  ,  say 

n 

pr  Pn,  and  ^  >  0,  i  =  1,  n,  such  that  U  =  0  ^VCpj),  where 

V(p)  -  {x  |  p(x)  <  1). 

Theorem  2.  2.  Suppose  D  is  a  sequentially  complete  subset  of  X 
and  the  mapping  A  :  D  -*  D  is  a  p-contraction  for  every  p«  p  .  Then  A  has 
a  unique  fixed  point  x  in  D,  and  Anx  -*  x  for  every  x«  D. 

n 

Proof.  Let  xc  D  and  let  U  =  H  ^Vfp^  be  given.  For  ye  D 
and  k  >  1,  we  have 

P.(Aky  -  y)  <  (1  -  Vi)  iPi(Ay  -  y). 
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Choose  N  so  that  for  m  >  N, 


,r*u - vv* - x>  —  ri?  i=i»*--,n- 


-i 


Thus 


..m+k  .m  -1  m+1  _m  . 

Pj(A  x  -  A  x)  <  (1  -y.)  p.(A  x  -  A  x) 


m. 


-1 


<  Yf  (1  -  y.)  P.(Ax  -  x)  <  r.  . 

]c 

Hence  {A  x}  is  a  Cauchy  sequence  in  D  and  therefore  converges  to  a 
point  x  in  D.  Clearly  Ax  =  x,  and  the  uniqueness  of  the  fixed  point 
follows  as  usual  since  X  is  Hausdorff. 

3.  Fixed  points  of  a  sum  of  two  operators  in  locally  convex  spaces 

We  begin  with  a  simple  theorem  which  generalizes  Krasnoselskii' s 
fixed  point  theorem  [  12]  to  locally  convex  spaces. 

Theorem  3.  1.  Let  D  be  a  convex  and  complete  subset  of  X,  and 
A,  B  be  operators  on  D  into  X  such  that  Ax  +  By  e  D  for  every  pair 
x,  y  «  D.  Suppose  A  is  a  p-contraction  for  every  pe  P,  and  B  is  continuous 
and  B(D)  is  contained  in  a  compact  set.  Then  there  is  a  point  x  in  D 
such  that  Ax  +  Bx  =  x  . 

Proof.  For  each  yt  D,  the  mapping  A  defined  by  Ax  =  Ax  +  By 
is  a  p-contraction  for  each  pep  and  maps  D  into  D,  so  by  Theorem  2.  2, 
it  has  a  fixed  point,  Ly.  In  other  words,  Ly  =  A(Ly)  =  A(Ly)  +  By.  Thus 
for  all  u,  v  in  D, 


Lu  -  Lv  =  A(Lu)  -  A(Lv)  +  Bu  -  Bv. 
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So  for  each  p«  P,  we  have 


p(Lu  -  Lv)  <  vpP(Lu  “  Lv)  +  p(Bu  -  Bv),  or 

(3.  1)  p(Lu  -  Lv)  <  (1  -  vp)  V(Bu  -  Bv)  . 

It  is  clear  from  (3. 1)  that  the  operator  L  is  continuous.  To  see 
that  L(D)  is  contained  in  a  compact  set,  let  {Lx  }  be  a  net  in  L(D). 

3 

Then  {Bx  }  has  a  convergent  subnet  {Bx'},  since  B(D)  is  contained 
a  Q 

in  a  compact  set.  Thus  {Bx’  }  is  a  Cauchy  net,  and  by  (3. 1),  so  also  is 

a 

{Lx1  }.  Hence  L(D)  is  contained  in  a  compact  set,  so  L  has  a  fixed  point 
a 

x  in  D,  and 

x  =  Lx  =  A(Lx)  +  Bx  =  Ax  +  Bx  . 

This  completes  the  proof. 

The  various  forms  of  the  Schauder-Tychonoff  theorem  stated  in 
Theorem  2.  1  require  a  priori  that  a  certain  closed  ball  (or  its  boundary)  be 
mapped  into  itself  by  the  operator.  In  his  work  on  integral  equations, 
Dubrovskii  [3]  used  an  alternative  approach  of  finding  conditions  on  a 
completely  continuous  operator  which  guarantee  the  existence  of  some  closed 
ball  which  is  mapped  into  itself  by  the  operator.  In  the  next  theorem,  we 
use  this  technique  in  the  setting  of  a  sum  of  two  operators  to  prove  a  fixed 
point  theorem  which  contains  as  a  sp  cial  case  a  new  variant  of  the 
Schauder-Tychonoff  theorem  in  locally  convex  spaces.  Before  proceeding  to 
the  theorem,  we  shall  give  some  needed  definitions. 


-6- 


#1115 


For  an  operator  T,  a  point  xQ  «  X,  and  a  real  number  r  >  0, 
define  for  each  p«  P, 

W  T»  =  r  ^suP{P(Tx  -  Tx0)  |  P(x  -  xQ)  <  r)  and 

Qp(x0,  T,  a)  =  {r  |  Rp(xQ,  T,  r)  <  a  }  . 

Now  consider  Q^Cx^,  T,  a)  as  a  subset  (possibly  empty)  of  [0,  °°],  the 
one-point  compactification  of  [0,  »),  and  let  cl(Qp(x0>  T,  a))  denote  the 
closure  of  Qp(xQ,  T,  a)  relative  to  [0,  *>].•  Define 

Pp(x0,  T)  =  inf{a  |  cl(Qp(x0#  T,  a))  }  . 

We  shall  say  that  T  is  p-quasibounded  at  xQ  if  Pp(xQ,  T)  exists.  T  is 
called  quasibounded  at  x^  if  it  is  p-quasibounded  at  x^  for  each  p«  p  . 
Note  that  this  notion  of  quasiboundedness  generalizes  that  of  Granas  [8]. 
The  following  theorem  generalizes  Theorem  3  of  Nashed  and  Wong  [16]. 

Theorem  3.  2,  Suppose  the  mapping  S  is  a  p-contractlon  for  every 
p  in  P,  with  contraction  constants  y  ,  and  suppose  the  mapping  T  is 
continuous  and  T(X)  is  compact.  If  X  is  complete  and  if  there  is  an  x^ 
in  X  and  a  p«  P  such  that  T  is  p-quasibounded  at  x^  and 

v  +  p  <1, 

YP  KP  ’ 

then  (I  -  S  -  T)x  =  z  always  has  a  solution. 
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Proof.  Choose  a  so  that 


Vp  +  a  <  1  and  oo  c  cl(Qp(*0,  T,  a)). 

Let  u  =  (I  -  S  -  T)x. ,  and  choose  c  so  that  c  >  p(z  -  uJfl  -  (v  +  all"* 
u  u  o  p 

and  ct  Qp(xQ,  T,  a).  Then  Rp(xQ,  T,  c)  <  a.  Now  define  the  set 

D  =  {xt  X  |  p(x  -  xQ)  <  c}  . 

It  follows  that  for  x  and  y  In  D,  Sx  +  Ty  +  ze  D: 

P(Sx  +  Ty  +  z  -  xfl)  =  p(Sx  +  Ty  +  z  -  uQ  -  SxQ  -  TxQ) 

<  p(Sx  -  SxQ)  +  p(Ty  -  Txq)  +  p(z  -  uQ) 

<  ypc  +  ac  +  [1  -  (vp  +  a)}c  <  c. 

It  now  follows  from  Theorem  3.1  that  there  is  an  x  in  D  such  that 

Sx  +  Tx  +  z  =  x. 

^■mark  3-  L  For  various  fixed  point  theorems  for  a  sum  of  two 
operators  in  Banach  and  Hilbert  spaces,  see  Krasnoselskii  et  al.  [13],  [ 14], 
Browder  [2],  Edmunds  [  5],  FuSik[6J,  [7],  Kirk  [11],  Washed  and  Wong  [  16], 
Petryshyn  [18],  [19],  Sadovskii  [  23  ],  andWebb[27].  In  some  of  this 
previous  work,  the  theorems  are  formulated  for  a  mapping  F(x,  y),  not 
necessarily  of  the  form  Ax  +  By.  Nadler  [15]  considered  mappings  defined 
on  the  Cartesian  product  of  two  metric  spaces  which  are  contractions  in  one 

variable  or  in  each  variable  separately  and  proved  that  under  certain  conditions, 
such  mappings  have  fixed  points. 


-8- 


#1115 


Essentially  the  same  proof  as  that  of  Theorem  3. 1  yields  the 
following  result. 

Theorem  3. 1'.  Let  D  be  a  convex  and  complete  subset  of  X  and 

suppose  F:DXD-»D  is  such  that  for  each  p<  P,  there  is  a  constant  y  , 

P 

0  <  yp  <  1,  so  that 

P<F(x,  y)  -  F(x,  z))  <  YpP(y  ~  z) 

for  all  y,  z  in  D.  Suppose  further  that  B  :  D  -*•  D  is  continuous,  B(D)  is 
contained  in  a  compact  set,  and 

P(F(x,  y)  -  F(z,  y))  <  p(Bx  -  Bz)  . 

Then  there  is  a  point  xe  D  for  which  F(x,  x)  =  x  . 

Remark  3.  2.  Examining  the  proof  of  Theorem  3. 1,  one  sees  that  if 
D  =  Sp(xQ»  r),  and  X  is  complete,  then  we  need  only  require  that  B  be 
p-completely  continuous.  (We  invoke  2.  lc  to  obtain  a  fixed  point  of  the 
operator  L. ) 

For  the  operators  considered  in  this  section,  the  equation 
(3.  2)  Ax  +  Bx  =  x 

has  a  solution  in  particular  when  A  or  B  is  the  zero  operator.  Thus  equation 
(3.  2)  may  be  considered  as  a  perturbed  equation  associated  with 

(3.  3)  Ax  =  x,  or  Bx  =  x. 


#1115 


-9- 


Theorems  3. 1  and  3.  2  state  sufficient  conditions  under  which  the  existence 
of  a  solution  of  either  of  the  operator  equations  (3.  3)  is  preserved  under  a 
perturbation  of  the  operator  in  a  certain  class.  We  do  not,  however,  have 
any  information  on  how  much  of  a  change  results  in  the  solution.  In  particular, 
a  slight  perturbation  of  the  operator  A  by  an  operator  of  type  B  need  not 
necessarily  produce  only  a  slight  change  in  the  solution.  In  other  words, 
in  the  algebraic  setting  of  Theorems  3. 1  and  3.  2,  one  does  not  necessarily 
have  continuous  dependence  of  solutions  of  Ax  =  x  on  perturbations  of  A  by 
operators  of  the  type  B  (or  vice  versa).  We  shall  turn  our  attention  in  the 
next  section  to  this  question  of  continuous  dependence  of  the  solutions. 

4.  Stability  of  fixed  points  and  solutions  of  nonlinear  operator  equations 

In  [10],  Kasriel  and  Nashed  formulated  and  investigated  a  notion  of 
stability  of  solutions  of  some  classes  of  nonlinear  operator  equations  in 
Banach  spaces  in  terms  of  specific  topologies  on  the  set  of  nonlinear  operators, 
and  obtained  some  results  on  the  openness  of  certain  mappings  as  a  byproduct. 
In  this  section,  we  extend  these  formulations  in  several  directions  and  prove 
a  theorem  on  the  stability  of  fixed  points  for  the  sum  of  two  operators. 

Let  K  be  a  collection  of  continuous  maps  on  X  whose  domains  are 
such  that  if  AQ  t  K ,  x^  e  domain  of  A^,  then  Sp(Xg,  r)  C  domain  of  AQ 

Suppose  Ag «  a  , 


for  r  sufficiently  small.  Let  ?  be  a  topology  on  X. 


Definition  4. 1.  The  solution  xQ  of  AQu  =  yQ  is  called  p-stable 


with  respect  to  (X,  IT)  if  for  each  r  >  0  there  exist  d  >  0  and  a  neighbor¬ 
hood  ft  of  Aq  such  that  for  all  y«  Sp(y0,  d)  and  Ae  ft,  there  exists  an 

xc  S  (x„,  r)  such  that  Ax  =  y.  The  solution  x.n  is  said  to  be  a  stable  solu- 
p  0*  0 

tion  with  respect  to  (X,  S)  if  it  is  p-stable  solution  for  every  p«  p. 

For  Ae  X  ,  (Xg,  A,  r)  will  be  called  a  p-admissible  triple  if 

S  (x_,  r)  is  contained  in  the  domain  of  A. 
p  u 

Let  x  be  the  class  of  all  continuous  maps  B  from  open  subsets 
P 

of  X  into  X  which  are  such  that  I  -  B  is  p-completely  continuous.  If 

(xQ,  BQ,  r)  is  a  p-admissible  triple  and  b  >  0,  then  ft^fx^  Bq»  r»  P>  b) 

will  denote  the  collection  of  all  be  X  such  that  (x.,  B,  r)  is  a  p-admissible 

p  O’  ’ 

triple  and  p(Bx  -  B  x)  <  b  for  all  xe  S  (x  r).  Let  3  be  the  topology  on 
0  P  U  P 

Kp  generated  by  taking  the  collection  of  all  such  as  a  subbase. 

Now  define 

'"W  —1  1 

Rp(xQ,  T,  r)  =  r  sup{p(Tx  -  TxQ)  |  p(x  -  xQ)  =  r}, 

and 

Vxo'  T)  =  inf*r  *  VV  T’  r)  <  ' 

Note  that  stability  for  the  class  x  can  be  reduced  to  consideration 
of  equations  of  the  form  A^x  =  0. 

Theorem  4. 1.  Let  B^e  Xp  and  suppose  B^x^  =0.  If  rtp(xg,  I  -  B^)  = 
0,  then  Xq  is  a  p-stable  solution  of  B^x  =  0  with  respect  to  (j>  ,  ^p). 
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I 


Proof.  Let  e  >  0  be  given.  There  is  an  r,  0  <  r  <  e,  such  that 

r  =  R  (x  .  I  -  B  .  r)  <  1.  Let  a  and  d  be  positive  numbers  such  that 
p  O’  O’ 

a  +  d  <  (1  -  R)r.  Let  B«  Sl^Xg,  Bq,  r,  p,  a)  and  yt  Sp(6,  d).  Consider 

the  mapping  F  on  Sp(Xg,  r)  defined  by  Fx  =  x  -  Bx  +  y. 

Clearly  F  is  p-completely  continuous  since  B«  Xp.  If  F  maps 

aSp(xQ,  r)  into  Sp(xQ,  r),  it  has  a  fixed  point  x«  Sp(xQ,  r).  Then 

Bx  =  y,  with  x«  Sp(xQ,  r)  C  Sp(xQ,  e),  which  proves  the  theorem.  Now 

we  show  that  F  indeed  maps  8S  (xn,  r)  into  S  (x  ,  r): 

p  u  p  u 

p(Fx  -  FXg)  <  p(x  -  Bqx  -  xQ)  +  p(Bx  -  Bqx)  +  p(y), 

and 

p(x  -  Bqx  -  xQ)  <  Rp(xQ,  I  -  BQ,  r)r  =  Rr. 

Hence 


p(Fx  -  Xg)  <Rr  +  a  +  d<Rr  +  r-  Rr=r. 

If  K  „  is  the  class  of  all  continuous  operators  B  from  open 

c 

subsets  of  X  into  X  which  are  such  that  I  -  B  is  completely  continuous, 
and  if  H  is  the  topology  on  x„  generated  by  taking  as  a  subbase  the  sets 

c  c 

BQ,  r,  p,  b)  for  all  p«  P,  then  we  have  the  following 
Corollary.  If  BQ  e  Kc  and  BQx0  =  e,  and  if  np(xQ,  I  -  BQ)  =0 
for  every  p«  P,  then  xQ  is  a  stable  solution  of  BQx  =  8  with  respect 
to  (Xc,  -V  • 
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We  next  turn  our  attention  to  the  question  of  stability  of  sums  of 
operators. 

If  Xg «  X,  Aq  is  a  continuous  operator,  and  U«U,  then  we  shall 
say  (xQ,  Aq,  U)  is  an  admissible  triple  if  xQ  +  U  C  domain  AQ.  (Recall 
that  U  is  the  neighborhood  system  of  the  origin  obtained  from  P. )  Let 
Cj  be  the  collection  of  all  continuous  operators  A  which  are  such  that 
I  -  A  is  a  p-contraction  for  every  pep.  (Hereafter  called  simply  a  contraction. ) 
For  Aq  in  Cj,  P«  P,  a  and  b  real  numbers,  and  (xQ,  AQ,  U)  an  admissible 
triple,  we  define  IJ^Xq,  Aq,  U,  p,  a,  b)  to  be  the  collection  of  all  A  in 
Cj  such  that 

i)  (Xq,  A,  U)  is  an  admissible  triple, 

ii)  p((A  -  Aq)x  -  (A  -  Aq)Xq)  <  bp(x  -  xQ)  for  all  xe  xQ  +  U, 
ill)  p(AXq  -  AqXq)  <  a. 

We  define  ^  to  be  the  topology  on  c  j  obtained  by  taking  all  such 
as  a  subbase. 

Let  C  2  be  the  coiiection  of  aH  continuous  operators  B  which  are 

such  that  I  -  B  has  its  range  contained  in  a  compact  set.  For  B  e  r» 

0  2  ’ 

P*  P,  r  a  real  number,  (xQ,  BQ,  U)  an  admissible  triple,  we  define 
*VX0'  8o>  p»  to  be  the  collection  of  all  Be  c  2  such  that 
'  'x0’  8>  ^  *s  an  admissible  triple,  and 

ill  p(Bx  -  BXq)  <  r  for  all  x«xQ+U. 

We  define  Z2  to  be  the  topology  on  c  2  with  all  such  «2  as  a  subbase. 
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Nfjxt  let  C  =  Cj  x  C  2  be  the  Cartesian  product  of  and  c  2 
endowed  with  the  product  topology  3  =  ^  x  3^  •  Suppose  Kq  is  an  operator 
such  that  1  -  Kq  =  Sq  +  Tq  for  (I  -  SQ,  1  -  TQ)  in  c . 

Definition  4.  2.  The  solution  Xq  of  KqU  =  is  called  stable  with 

respect  to  {C,  J)  if  for  each  U«  U  ,  there  is  a  neighborhood  O  of 
(I  -  SQ,  I  -  Tq)  and  a  W«  U  such  that  for  all  y«  yQ  +  W  and  (I  -  S,  I  -  D  cS\ 

there  exists  an  x«  x^  +  U  so  that  Kx  =  y,  where  I  -  K  =  S  +  T. 

Recall  the  definition  of  Rp(xQ,  Tq,  r)  and  Qp(XQ,  TQ,  a).  For  p 
in  p  define 


W  V  =  inf{a  i 0t  ci«yv  T0'  a))} 


Theorem  4.  2.  Let  X  be  complete.  Suppose  KqXq  =  yQ,  where 

I  -  Kq  =  SQ  +  Tq  for  (I  -  SQ,  I  -  Tq)  in  C .  If  Yp  +  «p  <  I  for  every  p  in 

p,  then  Xq  is  a  stable  solution  with  respect  tc  (C,  3").  (vp  is  P" 

contraction  constant  of  S.  and  a  s  a  ( xn ,  T  ). ) 

0  p  p  0'  0 

Proof.  Once  again  we  shall,  without  loss  of  generality,  take  yQ  =  9. 
n 

Let  U  =  D  r  V(p.) «  u  be  given.  For  each  i  =  1,  2,  ....  n,  there  is  a 

J  i  1  7  7  7  7 

>  0  such  that  ^  <  1  and  0«  cICQ^Xq,  Tq,  £j)),  where  denotes 

Y  ,  etc.  Choose  sA  <  r^  so  that  R^Xq,  Tq,  s^)  <  1^.  Now  choose  positive 


constants 


ai'  bi’  Ci’  di'  for  each  1  r  2»  •  •  •  > 


so  that 


bisi  *  ai  +  2oi  ♦  ‘  -  5,  -  Vs, 
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Let 


a  =  I-Tc  n  fi2u0,  I-T0,  u,  Pl,  Ci), 

and 

n 

A  =  I  -  Sc  H  I  -  Sq(  U,  Pi}  b^)  . 

n 

Also,  let  W  =  H  d^Vtp^). 

Suppose  y«  W  and  consider  Sx  +  Tz  +  y  for  all  x  and  z  in 

*  *  * 
Xg  +  U  ,  where  U  =  cl(H  s^p^)).  We  shall  show  that  Sx  +  Tz  +  ye  xQ  +U  : 

Sx  +  Tz  +  y  -  xQ  =  Sx  +  Tz  +  y  -  SQxQ  -  TQxQ 

=  <Sx  ~  Vo*  +  (Tz  ‘  Toxo)  +  y 
=  <A  -  A0)x  '  (A  “  Ao)xo  +  sox  ■  soxo  +  (A~  Ao)xo 

+  (Tz  -  T0z)  +  (T0x0  -  Tx0)  +  (T0z  -  TQxQ)  +  y, 
where  A^  =  I  -  Sq.  Now  for  each  i  =  1,  2,  . . . ,  n,  we  have 

PA(Sx  +  Tz  +  y  -  xQ)  <  Pj((A  -  Aq)x  -  (A  -  AQ)x0)  +  P^SqX  -  S^) 

+  Pl((A  -  A0)xQ)  +  Pl(Tz  -  Tqz)  +  Pi(T0x0  -  Txq)  +  P^z  -  T^)  +  p^y) 

<  bjP^x-Xg)  +  YjPjlx  -  xQ)  +ai  +  c4  +ci  +  Ri(x0,  TQ,  s1)si  +  p^y) 

<  0  -  -  Yi)si  +  (vi  +  l1)si  =  si  . 


#1115 


-15- 


*  * 

So  for  every  x,  z«  x^  +  U  ,  we  have  Sx  +  Tz  +  y  «  x^  +  U  ;  thus  by 
Theorem  3.  1,  there  is  a  point  x«  x^  +  U  so  that  Sx  +  Tx  +  y  =  x  ,  or 
Kx  =  y,  where  I  -  K  =  S  +  T. 

Remark.  If  we  take  =  0  in  Theorem  4.  2,  we  get  a  stability 
theorem  for  the  fixed  point  of  a  contraction  mapping  on  a  complete  locally 
convex  Hausdorff  topological  vector  space  X.  We  note,  however,  that  it 
is  possible  to  formulate  other  notions  of  "contraction"  for  which  the  fixed 
point  is  not  necessarily  stable.  Let  Wn  be  an  open  neighborhood  of 
0«  X,  Xq«  X,  and  W  =  x^  +  W^.  Let  F  :  W  -►  X.  We  say  that  F  is  a  weak 
contraction  if  there  exists  a  convex,  closed  and  bounded  VC  W^  such  that 
x,  y«  W  and  y  -  X€  \V  imply  F(y)  -  F(x)  €  \aV  for  some  0  <  a  <  1.  Let  F 
be  a  weak  contraction  on  W  into  X,  and  F(Xg)  -  xQ«  (1  -  a)V.  Then  there 
exists  a  unique  fixed  point  x  of  F,  x  e  x^  +  V.  However,  this  fixed  point 
is  obviously  not  necessarily  stable. 

5.  Applications 

The  fixed  point  theorems  of  section  3  can  be  applied  to  obtain 
existence  theorems  for  mixed  nonlinear  integral  equations  of  Urysohn-Volterra 
and  Hammerstein-Volterra  types  in  locally  convex  spaces  in  the  same  manner 
as  the  fixed  point  theorem  for  a  sum  of  two  operators  in  Banach  spaces  were 
used  in  [16]. 

We  now  obtain  as  an  application  of  Theorem  3. 1,  a  sufficient 
condition  for  a  mapping  to  be  open,  which  generalizes  conditions  given  in 
[10],  [20],  and  [21].  Recall  that  a  mapping  F  :  X -►  Y  is  open  at  a  point 
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y^t  F(X)  if  y^  is  an  interior  point  of  F(X);  that  is,  if  there  is  a  neighbor¬ 
hood  N  cf  y^  such  that  N  C  F{X).  It  follows  easily  from  Definition  4.  2 
that  if  Ku  =  y^  has  a  stable  solution  with  resoect  to  (C,  3),  then  K  is 
open  at  y^.  We  can,  however,  find  much  weaker  conditions  which  insure 
that  K  is  open  at  y^.  To  this  end,  define 

<op(x0,  T)  =  inf{a  j  Qp(xQ,  T,  a)*  0 }  , 

and  suppose  K  is  as  in  section  4;  that  is,  I  -  K  =  S  +  T  for  (I  -  S,  I  -  T) 
in  C. 

Theorem  5. 1.  Assume  X  is  complete.  If  Kx^  =  y^  and  for  some 

p  in  p  it  is  true  that  Yp  +  4»p  <  1,  then  K  is  open  at  y^. 

Proof.  We  may  without  loss  of  generality  take  yQ  =  0.  Choose 

|  so  that  0p(xQ,  T,  i)  *  0  and  \  +  i  <  1.  Let  se  Qp(xfl,  T,  §)  and 

choose  d  <  (1  -  £  -  y)s.  We  shall  now  show  that  S  (0,  d)  is  contained 

P  P 

in  the  range  of  K. 

Let  uc  S  (6.  d)  and  consider  p(Sx  +  Ty  +  u  -  x_)  for  x  and  y 
p  u 

in  Sp(xQ,  s); 

p(  Sx  +  Ty  +  u  -  x  )  -  p(  Sx  +  Ty  +  u  -  SxQ  -  TxQ) 

£  p(i)X  -  SxQ)  +  p(Ty  -  TXp)  +  p(u) 

<vs  +  t.s-)d<s. 

-  ’p 

Thus  by  Theorem  3. 1,  there  is  an  x?  Sp(Xg,  suc*1  +  Tx  +  u  =  x, 

which  proves  the  theorem. 
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An  immediate  application  of  this  result  is  the  following  theorem 
giving  sufficient  conditions  for  certain  operators  to  be  onto  maps. 

Theorem  5,  2.  Let  B  :  X  -►  X  be  a  continuous  operator  such  that 
T(X)  is  contained  in  a  compact  set,  where  T  =  I  -  B.  Suppose  for  each  x«  X, 
there  is  a  p€  P  such  that  <pp(x,  T)  <  1.  Then  the  range  of  B  is  X. 

Proof.  B  is  open  at  each  point  of  B(X)  from  the  previous  theorem, 

so  B(X)  is  an  open  subset  of  X.  We  shall  show  that  B(X)  is  also  a  closed 

subset  of  X,  and  hence  B(X)  must  be  all  of  the  connected  space  X. 

To  show  B(X)  is  closed,  let  x  be  an  accumulation  point  of  B(X) 
and  let  {y  }  be  a  net  in  B(X)  such  that  y  -»  x.  Let  x  be  such  that 

Bx  =  y  .  Then  {Tx  }  has  a  convergent  subnet  say  {Tx'  }.  Since 

3  3  3  3 

Bx'  =  x'  -  Tx'  and  {Bx1  }  and  {Tx'  }  converge,  we  then  know  that  (x*  } 

3  3  37  3  3  3 

converges.  But  Bx'  -*  x,  so  x«  B(X).  Thus  B(X)  is  closed,  and  the 
3 


theorem  is  proved. 
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